The Hubble law is extended to massive particles based on the de Broglie wavelength. Due to the expansion of the universe the momentum of a particle which is in the Hubble-flow (flow) should decrease according to its cosmological redshift. Based on the observations of the Pioneer 10 & 11 spacecraft it is postulated that massive particles in the flow have a cosmological redshift z = (c/v0) H0 t, where c is the speed of light in vacuum, v0 is the initial velocity of the particle, H0 is Hubble's constant and t is the duration of time that the particle has been in the flow.
Introduction
In this paper the Hubble law, which applies to the wavelength of light from distant galaxies, is extended to include galactically unbound massive particles. It is well known that microscopic particles by way of their de Broglie wavelength display wave interference phenomena identical to light waves. We will assume that the expanding universe, by the Hubble law, has an analogous effect on the de Broglie wavelength of a galactically unbound particle just as it does for a photon. A galactically unbound particle is assumed to be subject to the Hubbleflow. Based on the Pioneer 10 & 11 spacecraft observations [1] we will postulate the form of the cosmological redshift for galactically unbound massive particles to be z = (c/v 0 ) H 0 t, where c is the speed of light in vacuum, v 0 is the initial velocity of the particle, H 0 is Hubble's constant, and t is the duration of time that the particle has been unbound.
To substantiate the claim that the Pioneer spacecraft are galactically unbound we examine the solar system orbital speed, radial distance and the Galaxy mass. Hypothesizing that the solar system has escaped the gravity of the Galaxy, we show how the extended Hubble law gives a plausible explanation for the anomalous velocities and acceleration found in the spacecraft navigation.
Hubble law for a massive particle
The de Broglie wavelength λ for a particle of momentum p is given by
where h is Planck's constant. This relation also holds for photons.
In the expanding universe assume that the Hubble law for photons is also valid for galactically unbound massive particles, which are assumed to be subject to the Hubble-flow. Then, for a particle which had an initial wavelength of λ 0 at redshift 0 but is now at redshift z, its wavelength λ is given by
By (1) this can be written in momentum form
For z ≪ 1 this implies ∆p ≈ −z p 0 .
The conclusion of the Pioneer 10 & 11 report (Ref. [1] , Eq. 54) was that there was an anomalous constant acceleration on the spacecraft directed toward the Sun of magitude (8.74±1.33)×10 −8 cm s −2 . It was also noted (Ref. [1] , Sect. C) that this value is approximately equal to the speed of light times the Hubble constant, c H 0 . During these measurements the motion of either spacecraft was directed nearly radially outward from the Sun, hence the reported direction of the anomalous acceleration is also consistent with it being directed along the line of and in opposition to the motion of the spacecraft. With these experimental facts, we postulate that for z ≪ 1 the change in momentum of a particle in the Hubbleflow due to the expansion of the universe is given by
where m 0 is the mass of the particle at redshift 0 and t is the duration of time since the particle has been in the Hubble-flow. This implies that the redshift
For a photon the momentum is p 0 = m 0 c, so (7) gives
which is recognized as the Hubble law for the redshift of light observed from a galaxy at distance r = c t, where t is the duration of time since the (unbound) photon left the galaxy. For a massive particle moving at non-relativistic speed, m = m 0 , so divide (6) by the mass to get the cosmological velocity shift
from which we get the redshift relation for a massive particle
For larger redshift, though still assuming non-relativistic velocities, from (4) and (10), the cosmological velocity shift is given by
3 Hypothesis that the solar system has escaped the gravity of the Galaxy
The solar system is at a distance [2] of R ⊙ = (8 ± 0.4) Kpc from the center of the Galaxy. Its orbital circular speed is V ⊙ = (220 ± 15) km/s. The total visible mass [3] M vis within the solar system radius is composed of the Galaxy's bulge and disk masses within the solar orbit, with M bulge ≈ 1.5 × 10 10 M ⊙ and M disk ≈ 4.9 × 10 10 M ⊙ , giving
where the error in (12) expresses an uncertainty of 40 %. If we assume that V ⊙ is greater than the escape velocity at R ⊙ then this implies that the Galaxy mass M R⊙ within the solar radius is
which is nearly completely within the bounds of the visible mass in (12). This suggests that it is not unreasonable to hypothesize that The solar system galactic orbital speed exceeds escape velocity at its current radius.
However, the Sun would not leave the Galaxy for good because the expansion of the universe would decrease its velocity according to (11), so that given enough time it would become bound once again. (This can explain why a galaxy does not fly apart even though the orbital speeds of objects in it exceed the Newtonian escape velocity of the visible mass.) Since there appears to be ample visible mass in the Galaxy within the radius of the solar system, there is no missing mass so any dark matter present is not significant. However, the theory of spiral galaxies is beyond the scope of this paper (suggested references are [4] and [5] for alternative theories on galaxy dynamics.)
Pioneer 10 & 11 anomalous velocities and accelerations
By the hypothesis of the previous section, the solar system is unbound to the Galaxy. This implies that any spacecraft which escapes from the solar system will also have escaped from the Galaxy. The Pioneer 10 & 11 spacecraft [1] have escaped the solar system gravity and are thus galactically unbound. Therefore, their velocities will be cosmologically shifted by (9), so that the anomalous velocities and acceleration are given respectively by
These would represent the anomalies found in the analysis of the spacecraft tracking data. However, with the value[1] of a P = (8.74 ± 1.33) × 10 −8 cm/s 2 this would require that H 0 = a P /c = (90.0 ± 13.7) km/s/Mpc, measured at a redshift z = 0. This is 6% to 44% larger than the currently accepted value of 72 km/s/Mpc. That said, we can look at the data plots. Ref. [1] , Fig. 8 shows the anomaly in the Pioneer 10 velocity, which agrees with (14) if H 0 = 90 km/s/Mpc. Similarly, Ref. [1] , Fig. 7 shows the anomalous acceleration of both spacecraft, for which (15) is a good representation for 20 AU and beyond. For distances between 5 to 20 AU there is not good correlation, but these are distances where the solar radiation pressure causes an outward acceleration greater than a P (see Ref. [1] , Fig. 6 ).
The value of a P corresponds in principle with the results of Carmeli, et. al. [6] wherein the minimum acceleration in the universe has a finite value a min = c / τ where τ ≈ H −1 0 is the Hubble-Carmeli time constant. The sign of the minimum acceleration is negative in the present context.
Why is the anomalous acceleration not seen in the planetary ephemerides? The reason is that all objects bound to the solar system are being decelerated as a unit (in free fall) in the Hubble-flow so therefore show no net effect.
Transmission of light beam between a body bound to the solar system and an unbound body
From our postulate (6) and the extended Hubble law, we now analyse the frequency changes in a light signal sent between the Earth (we could have used the Sun instead) and a spacecraft which is in unbound motion near to the solar system. Since we hypothesize that the solar system has escaped the Galaxy, then the unbound spacecraft is also galactically unbound and both solar system and spacecraft are therefore in the Hubble-flow. With respect to the observer fixed to the Earth the entire round trip of a light beam of initial frequency ν 0 originating on the Earth, traversing the distance to the spacecraft, reflecting off of the spacecraft and traveling back and received at the Earth will have its frequency transformed on the outward journey by the factor (1 − z 1 ) due to the effect of the expansion on the beam signal, where z 1 = H 0 ∆t 1 is the redshift during the travel time ∆t 1 to the spacecraft. At the spacecraft the beam is received and retransmitted, incurring the double factor (1 − v/c + v z (t)/c) 2 in change to its frequency, where from (9), v z (t) = c H 0 t is directed parallel to the spacecraft (time dependent) velocity v, which, for simplicity, we assume is directed toward the Earth. On the return trip the beam is again altered by the expansion factor of (1 − z 2 ), where z 2 = H 0 ∆t 2 is the redshift during the travel time ∆t 2 back to Earth. The roundtrip effect is
to first order in v/c, v z /c, z 1 and z 2 . If we limit the transmission times to and from the spacecraft to half day each of ∆t ≈ 5 × 10 4 s, with H 0 = 90 km/s/Mpc = 2.916 × 10 −18 /s, then z 1 ≈ z 2 ≈ H 0 5 × 10 4 ≈ 1.46 × 10 −13 . Whereas, for t a duration of a year or more, v z /c = H 0 t > 9.2 × 10 −11 . Thus for this analysis we can ignore the effects of z 1 and z 2 on the beam signal since they are more than two orders of magnitude smaller than v z /c.
If we define the model expected observed frequency of the received light beam
then with this and (17) we have, in the Deep Space Network (DSN) negative format (Ref. [1] , Eq. 15),
which agrees with the Pioneer 10 & 11 result (Ref. [1] , Eq. 15) if we have that
Transmission of light beam between two bound solar system bodies
For bodies bound in the solar system the separation between the bodies are determined by the gravitation of the solar system, so there is not a further separation of the bodies due to the expansion of the universe. The solar system, which is galactically unbound by hypothesis, is moving as a whole in the expansion and is considered in free fall in it. Thus, for this case set the cosmological velocity shift v z = 0 in (16). Then the derivation is the same as above. We have
to first order in v/c, z 1 and z 2 . Aside from the (diminishing) effects of z 1 and z 2 , this is the usual result obtained between bounded bodies in the solar system. From (22), the anomalous frequency shift is (in DSN format)
where ∆t = ∆t 1 + ∆t 2 is the round trip light travel time. The current accuracy of atomic clocks [7] is better than one part in 10 15 . If a spacecraft is placed in a circular orbit of 28 AU about the Sun (within Neptune's orbit, where the solar radiation pressure acceleration will be < 5 
Conclusion
It seems natural to extend the Hubble law to the realm of massive particles by way of the associated de Broglie wave of the particle. Then unbound particles should exhibit shifts in their wavelengths due to the expansion of the universe. This shift should show up as a decrease in momentum (velocity) of the particle. With artificial satellites in space it is possible to make accurate velocity and time measurements. It is a claim of this paper that the anomalies found in the Pioneer spacecraft navigation is a detection of the cosmological velocity shift. But, in order for the spacecraft to be unbound galactically, and thus in the Hubble-flow, it was necessary to hypothesize that the solar system has escaped the gravity of the Galaxy. A further claim is that there should also be a cosmological redshift in the frequency of the communication signal due to the effect of the expansion upon the navigation beam in open space, which with current clock accuracies should be verifiable with a spacecraft in deep space orbit around the Sun.
